The Kadanoff-Baym ͑KB͒ equations are solved numerically for infinite nuclear matter. In particular we calculate correlation energies and correlation times. Approximating the Green's functions in the KB collision kernel by the free Green's functions the Levinson equation is obtained. This approximation is valid for weak interactions and/or low densities. It relates to the extended quasiclassical approximation for the spectral function. Comparing the Levinson, Born, and KB calculations allows for an estimate of higher order spectral corrections to the correlations. A decrease in binding energy is reported due to spectral correlations and off-shell parts in the reduced density matrix.
I. INTRODUCTION
The quantum Kadanoff-Baym equations ͑KB͒ ͓1͔ describe the time evolution of the two-time ͑one-particle͒ Green's functions G (p,t,tЈ) . Imposing various approximations they have played an important role in the past developing corrections to the classical Boltzmann equation such as memory effect and damping. With some restrictions it is now however feasible to solve these equations numerically without approximations.
We like to emphasize the following differences between the Boltzmann and KB equations. In the quasiclassical Markovian Boltzmann-equation correlations are explicitly neglected. The spectral functions are given by the quasiparticle approximation. The kinetic energy is conserved in each binary collision, while the correlation energy is neglected. The equilibrium density distribution ͑in momentum space͒ is a Fermi distribution. Oppositely, in the KB equations correlations are carried by the two-time Green's functions. The total energy including the interaction potential energy is conserved. The reduced density distribution is given by a frequency integral of a spectral function of nonzero width and a distribution function. At equilibrium this distribution function is again given by a Fermi distribution.
The various approximations of the KB equations differ essentially by the reduction schemes of the two-time Green's function to the reduced density matrix or even to the quasiparticle distribution. That this reduction is nontrivial can be traced to the fact that the Fermi and quasiparticle distributions decrease exponentially with energy while the reduced density matrix possesses power tails. In this paper we address some common schemes from the numerical point of view.
Numerical results of the quantum KB equations already have been compared in the past with the classical Markovian dynamics as well as with other frequently used approximations ͓2,3͔. The study was made in particular with reference to collisions between heavy ions usually studied with the Boltzmann equation or the BUU, VUU, etc., versions thereof. The general conclusion of the study was that quantum effects reduce relaxation rates by a factor as small as one-half. This fact can be interpreted as being due to the pole renormalization or wave function renormalization ͓4͔.
Since the first numerical applications of the KB equations by Danielewicz ͓2͔ several contributions to this evolving new field have been published with applications to nuclear matter ͓5,3,6,7͔, to one-and two-band semiconductors ͓8,9͔, to phonon production in e-e collisions in plasmas ͓10͔ as well as to electron plasmas in general ͓11,12͔. Details of the computational methods are published in Computer Physics Communications ͓13͔.
The KB equations are designed to study time-dependent nonequilibrium phenomena but they can also be used to study the system in its final equilibrium state. An example is found in ͓5͔ where an initially uncorrelated zero-temperature Fermi distribution time develops into a correlated system whilst the collisions are calculated with the time-evolving correlated Green's functions. The buildup of correlations is manifested as an asymptotic decrease in potential ͑correla-tion͒ energy ͑initially zero͒, with a corresponding increase in kinetic energy, while the total energy is constant. The resulting Green's functions contain a wealth of information such as correlation energy and particle distribution. Spectral functions are also easily derived. Although the collision term basically implies a second order calculation with respect to the potential the propagators are by the process of time iteration dressed with second order insertions ͑with their proper energy dependence͒ up to all orders.
In this paper we further address and explore these features of the KB equations. In particular we focus on correlation times and energies. We also extend previous comparisons ͓14͔ with the Levinson equation. This equation can be obtained from the KB equations by approximating the propagators in the collision integral by free Green's functions. The comparison between the two approaches allow us then not only to explore the validity of the Levinson equation but also to asses the importance of the higher order diagrams associated with the dressing of the propagators.
Although the interaction can in principle be a T matrix, including ladder summations, the presented calculations are done with an effective time-local interaction. Section II contains a short summary of the KB formalism used in this paper. Section III deals with the Levinson equation and some relations involving correlation energies and the Born approximation are shown. An apparent dilemma concerning the Born approximation result in Sec. III is resolved in Sec. IV using the extended quasiparticle picture. Numerical results are shown in Sec. V and Sec. VI summarizes our findings.
II. THE KB EQUATIONS
We show some of the equations regarding the KB formalism needed for our presentation. For further details see, for example, Refs. ͓1,2,15͔.
In a homogeneous medium neglecting the mean field the KB equations reduce ͑with បϭ1) to
͑2͒
The notations are the conventional ones. G Ͼ and G Ͻ are essentially the occupation numbers for holes and particles, respectively. The particle distribution function (p,t) is given by
The Green's functions G Ͼ and G Ͻ are related on the diagonal in the t,tЈ plane by
Between these two Green's functions there exists a useful relation
The scattering rates ⌺ are given by
͑7͒
The effective interaction T Ϯ is usually defined in a binary collision ͑ladder͒ approximation by an integral equation formally written as
where V is the ''free'' interaction potential. In the following T Ϯ will be approximated by a local timeindependent effective interaction
with ϭ0.57 fm and V 0 ϭϪ453 MeV. Considering the full dynamical T-matrix approximation one obtains more involved time integrals which gives rise to nonlocal effects ͓4,16,17͔. The exchange term is not included. Equation ͑6͒ for the scattering rates then simplifies to
The momentum integrations are conveniently evaluated using the convolution theorem for Fourier transforms. The diagrammatic representation can be seen in Fig. 1 . We will compare in the paper the self-consistent with the non-selfconsistent approximation which are given in Fig. 1 by thick and thin lines, respectively. The total energy of the system reads ͓1͔
͑11͒
which is used throughout the paper for calculating the total energy. The kinetic energy K for the correlated medium is
and the correlation energy is defined by
Note that the mean or Hartree-Fock field is not included in our work and the total energy therefore contains only the correlated energy. We also define the uncorrelated kinetic energy by
The relation between the reduced density matrix and the quasiparticle distribution f will be discussed below. ͑See Sec. IV.͒ Several numerical applications of this formalism are published. For some references see the Introduction. A detailed description of numerical details are published in Ref.
͓13͔.
In this paper we concentrate on correlation energies and correlation times. All ͑with one exception͒ calculations are performed with an initially uncorrelated nuclear matter system and a momentum distribution f (p,tϭ0) specified by a density and temperature T. The system is then timeevolved beyond equilibrium. The self-energies are conserving ͓1,18͔ so that the total energy is conserved. Therefore we have during the time evolution
where K f i is the kinetic ͑and total͒ energy of the initial unperturbed and uncorrelated system and E tot eq is the total energy after equilibration (t→ϱ) including correlations.
III. THE LEVINSON EQUATION
As we will show below the Levinson equation can be considered as one of several proposed approximations of the KB equations. It is of particular interest to us here because it allows for some analytic results ͓33,14͔ that help to understand the numerical findings and also help to illustrate some important features built into the KB equations. Let us first discuss different reduction schemes of the KB equation including the Levinson equation.
To evolve the two-time KB equations along tϭtЈ one needs the Green's functions for off-diagonal times t tЈ. Different methods have been proposed approximating the offdiagonal elements in terms of the diagonal ones and using Eq. ͑3͒ a one-time theory can then be derived.
The first method we want to discuss is the generalized Kadanoff Baym ͑GKB͒ ansatz introduced by Lipavsky et 
The KB equations then reduce to Levinson's equation ͓3,20-22͔ for homogeneous systems
with ϭ1Ϫ and ⌬ϭ(ϩ 1 ϪЈϪ 1 Ј) . The mean field is neglected in the following and the quasiparticle energy is approximated by an effective mass ϭp 2 /2m. If for large times the distribution function becomes stationary the integration over the cos function reduces to ␦(⌬) and the equilibrium distribution will be a Fermi distribution ͓14͔.
By the approximation ͑19͒ the correlated ͑damped͒ Green's functions in the KB equations are replaced by the free Green's functions which in other words means that the second order energy diagram is calculated without insertions in the particle ͑hole͒ lines. ͑See Fig. 1 .͒ In the time evolution of the KB equations the lines are on the other hand dressed repeatedly with V 2 insertions. This results in a damping or dephasing while there is no damping in the Levinson equation but there does remain a memory effect; the integration over in Eq. ͑20͒.
It is instructive to notice that the Boltzmann collision integral is obtained from Eq. ͑20͒ if ͑i͒ one neglects the time retardation in the distribution functions, i.e., the memory ef- fects and ͑ii͒ the finite initial time t 0 is set equal to Ϫϱ corresponding to what is usually referred to as the limit of complete collisions.
For the Markovian Boltzmann equation the kinetic energy is conserved, while the potential energy is zero. The Levinson equation conserves the total energy ͓23͔. The correlation energy is now given by
͑21͒
For large times Eq. ͑21͒ reduces to ͓14͔
where P denotes the principal value and where eq indicates the equilibrium large time correlated densities. This energy resembles the second order Born estimate of the potential energy but with two important differences. The first of these is that the densities eq are correlated densities, in the long time equilibrated limit. A Born estimate would however be done with an uncorrelated distribution f. For weak interactions and/or low density for which the Levinson equation and the Born approximation are certainly valid, the difference between initial uncorrelated and final correlated densities is negligible. Around nuclear matter values this difference is however important and we shall address this question below showing numerical results for Levinson densities, KB densities as well as initially uncorrelated densities.
The second difference between Eq. ͑22͒ and the second order Born estimate is that upon closer inspection a factor of one-half appears missing. This will now be clarified. With the correlation energy given by Eq. ͑22͒ the total energy after equilibration is using Eq. ͑13͒
The second order Born approximation for the total energy is on the other hand known from perturbation theory
͑As noted above the Hartree-Fock energy is not included so that accordingly the first order contribution to the energy is not included here.͒ One should note that in the process of equilibration the system is excited and the correlation energy does in both expressions ͑23͒ and ͑24͒ refer to the excited but not to the initial ground state of nuclear matter. Also note that in the process of excitation the uncorrelated kinetic energy K f i has increased to K f eq . In order to resolve the apparent disagreement between Eqs. ͑23͒ and ͑24͒ we first note that Eq. ͑23͒ results from a time evolution of the Levinson equation starting from an uncorrelated system with a kinetic energy K f i . We shall show below that the correlated and uncorrelated kinetic energies at the end of the time evolution are related by
Upon insertion in Eq. ͑23͒ the apparent disagreement is then resolved.
To prove Eq. ͑25͒ we have to discuss the difference between the reduced density matrix and the quasiparticle distribution f. This is performed in the extended quasiparticle picture.
IV. EXTENDED QUASIPARTICLE PICTURE
In the previous section we derived the Levinson equation from the time diagonal parts of the Kadanoff and Baym equations. We adopted the GKB ansatz for the closure of the off-diagonal parts of the Green's functions. But there is another path that we now want to explore.
Our alternative is to use the extended quasiparticle approximation ͑EQP͒ for the spectral function in the final equilibrated system. The EQP is consistent with the Levinson equation as both are a low density and/or weak interaction approximation but they differ in their physical content and different renormalizations ͓24͔. In an expansion with Im ⌺ ϩ ӶRe ⌺ ϩ and ‫ץ‬ Re ⌺ ϩ /‫ץ‬Ӷ1 one finds ͓15,25,26͔ for the spectral function
where
is the wave function renormalization and where P indicates that the principal value is to be taken when integrating over S. The energy 0 is defined by
and ⌺ ϩ is the retarded self-energy. The EQP approximation satisfies the first two weighted sum rules ͓4͔:
and has been well tested numerically for nuclear matter ͓25͔.
In equilibrium the expansion ͑26͒ is consistent with the following ansatz:
It allows for an approximate construction of the Green's function and the Wigner or reduced density matrix in terms of the quasiparticle distribution. The relation between these two distribution functions, the quasiparticle distribution and the reduced density matrix, was first introduced by Craig ͓27͔ within the limit of small scattering rates. An inverse functional f ͓͔ was constructed in Ref. ͓28͔. For equilibrium nonideal plasmas the correlated density has been employed in Refs. ͓15,29͔ and under the name of the generalized BethUhlenbeck approach it has been used in Ref. ͓30͔ for nuclear matter studies. The authors in Refs. ͓25,26͔ have used this approximation under the name of extended quasiparticle approximation for the study of the mean removal energy, reduced density and high-momenta tails of the reduced density matrix.
The nonequilibrium ͑time-dependent͒ extension of this formalism has been recovered within the quasiparticle approach to the kinetic equation for weakly interacting particles and referred to as a modified Kadanoff and Baym ansatz ͓31,32͔.
Integrating Eq. ͑30͒ ͑in the time-dependent extension͒ over gives a relation between the reduced density matrix and the quasiparticle distribution
The imaginary part of the retarded function ⌺ ϩ is obtained from
and the real part is obtained from the dispersion relation. Then
so that Eq. ͑31͒ can be rewritten as
providing also the relation between the uncorrelated and correlated energies. Multiplying with the kinetic energy p 2 /2m and integrating over p one finds the relation ͑25͒ that we wanted to prove.
We like to point out that the first term in Eq. ͑34͒ is just the uncorrelated distribution while the second corrects for the off-shell scatterings. It was shown in Ref. ͓25͔ that this equation gives practically exact agreement with a Brueckner calculation. One should also note that the Levinson equation for the reduced density-matrix was derived with the ansatz ͑19͒, i.e., with a quasiparticle spectral function. The correlations induced in the time evolution then result in a spectral function consistent with the EQP approximation. If one instead uses the EQP spectral function in the ansatz the result is a nonlocal Boltzmann-like kinetic equation for the quasiparticle distribution ͓16,17͔. For the frequency independent real valued interaction used here the nonlocal effects vanish and we are left with the Boltzmann equation for the quasiparticle distribution f from which one then can find the reduced density matrix by Eq. ͑34͒. Alternatively one can consider the Levinson equation for the reduced density matrix directly. This is the approach taken in this paper. For more detailed discussions, derivations and physical content of these relations we refer the reader to Refs. ͓4,24͔.
Let us remind that the two outlined schemes, the Levinson equation as well as EQP, are strictly valid only at low density and/or for weak interactions. All the same, the EQP has been found to be an excellent approximation for nuclear matter ͓25͔.
V. NUMERICAL RESULTS
In the above we have displayed the KB as well as the Levinson equations; the latter is obtained from KB using free ͑quasiparticle͒ Green's functions in the collision kernel.
In this section we show some results of our calculations. The equations ͑KB and Levinson͒ were time evolved starting at time tϭ0 with an uncorrelated Fermi gas of specified density and temperature. In addition to KB and Levinson correlation energies we have also calculated the second order Born energy given by Eq. ͑22͒. In one case we also consider the collision between two Fermi spheres ͑slabs in coordinate space͒.
A comparison with the approximate Levinson and Born results requires a high precision of the calculations to be meaningful. To minimize the relative errors all calculations are made with essentially the same KB computer program. To perform the Levinson calculations all that has to be changed relative to the KB is to replace the self-consistently calculated Green's functions used in the KB code in the collision kernel with the free Green's functions shown in Eq. ͑19͒. In the second order Born-approximation calculations the Green's functions on the time diagonal were replaced by constant ͑time-independent͒ distribution functions (p) as specified in the respective calculations below.
It may be noteworthy to point out that the Pauli blocking which in most perturbative calculations such as Brueckner is treated approximately ͑e.g., with an angle averaging͒ here is treated ''exactly.''
The meshes that we use are an improvement relative to previous work as more computer power is now available. The momentum mesh in the Cartesian coordinate system that we use was 57 points along each axis with ⌬p x ϭ⌬p y ϭ⌬p z ϭ0.2 fm Ϫ1 . The number of time steps was typically 80 with ⌬tϭ0.25 fm/c. The interaction shown in Eq. ͑9͒ was used. The dependence of the strength V 0 of the interaction is now also investigated.
A. Approach to equilibrium; correlation times
If one time evolves an initially uncorrelated Fermi distribution with the classical Boltzmann equation ͑modified for fermion statistics͒ this initial distribution would be stationary. The Fermi distribution is in fact a solution of this equation with the collision term equal to zero. There are no twobody correlations. This is not so for the Kadanoff-Baym equation. As the system in this case evolves from the initial uncorrelated state the correlation energy decreases with time. The system correlates. At the same time the kinetic energy increases by the same amount, because our choice of selfenergies is conserving, i.e., the total energy is conserved. As a consequence of the self-consistent time iterations higher and higher orders of insertion diagrams are included in the Green's function propagators until full self-consistency and equilibration is achieved. In the KB case the system converges to an equilibrated distribution but this is not always so for the Levinson case. We shall return to this below.
In a previous publication ͓14͔ we have already considered the correlation time t c , i.e., the time it takes the system to correlate time evolving from the initially uncorrelated Fermi distribution. It was in particular found that in the Levinson approximation a simple result could be derived at low temperature, namely,
with E F the Fermi energy. The temperature dependence was found to be relatively small. This result was also used in a subsequent paper on interferometry methods ͓34͔. Figure 2 shows the correlation energies normalized to the equilibrium energy as a function of time for five different densities as indicated in the figure caption. The initial distribution is in each case a zero temperature Fermi distribution.
In accordance with Ref. ͓14͔ we define the correlation times t c as the time of maximum correlation energy. We now find that the times t c scale roughly as
as shown in Table I . The previous analytic result ͑35͒ based on the Levinson equation gave correlation times twice as large. A precise definition of these times is however not possible as is also seen in Fig. 2 . Figure 3 shows the correlation energies normalized to the equilibrated energy at five different interaction strengths indicated in the figure caption. The initial distribution is in each case a zero-temperature Fermi distribution. The previous analytic finding ͓14͔ was that the correlation times are roughly independent of the interaction strengths. This is nicely confirmed by the numerical results of Fig. 3 for times smaller than 2 fm/c. There is however a large overshoot as the strength is decreased. This still remains to be understood. With the particular definition of the correlation times that we have adopted we still see a dependence on the interaction strengths because of this overshoot as displayed in Table III .
In a previous paper it was also shown that the temperature dependence of t c should be quite small ͓14͔. This conclusion was based on the Levinson equation. The result using the KB equations shown in Fig. 4 confirms this. One may only note that the approach to equilibration is markedly different at higher temperatures as compared to zero temperature. Our general conclusion regarding the independence of temperature is also exemplified by the second curve from the left in Table III. between two Fermi spheres separated by a momentum of 2.2 fm Ϫ1 (100 MeV/A collision energy͒ and with a total density of 0.18 fm Ϫ3 ͑normal density͒. In the calculations with the KB equations our choice of self-energies are conserving, i.e., total energy is conserved ͓18͔. The Levinson equations also conserve total energy. From our calculations we find after 80 time steps a decrease in total energy of 3.8% at normal nuclear matter density and similarly an increase of 1.3% in the KB case. This numerical accuracy is quite satisfactory.
Another important result shown by Figs. 2-4 is that the correlation energy ͑and the kinetic energy͒ converges to an equilibrium value in the KB case. While the KB results show excellent convergence this is not true in the Levinson case as shown by Fig. 5 which should be compared with Fig. 3 . One finds a convergence only for the two weakest interactions which also agree quite well with the corresponding curves in Fig. 3 while only moderate convergence with the factor 0.5. For the strongest interaction there is even sign of an instability in agreement with the findings of Haug ͓35͔ and others ͓36,37͔ who found a continuous increase of energy with time. The origin of this problem with the Levinson equation was discussed in terms of the artificial collisional broadening ͓38͔.
We note that in the Levinson case the Green's functions are free, uncorrelated, in the collision term while the ensuing Green's functions are not free as, e.g., evidenced by the nonzero potential energies. This is an inconsistency in the Levinson equation which, we believe, is related to the nonconvergence. The problem with this equation is also reflected in the results in Table III showing reasonably good agreement between KB and Levinson correlation energies only for the three weakest interactions.
The fact that the correlation time is finite and of the order of some fm/c in nuclear matter is, we believe, of importance when studying heavy ion collisions. Correlations will change with density and temperature with typically this response time. In a previous paper we have already looked at the consequence of this fact on interferometry measurements ͓34͔.
B. Equilibrium spectral function; occupation numbers
Correlation energies are intimately related to the spectral functions in our case given by Eq. ͑18͒. In the quasiparticle approximation valid for weak interactions and an uncorrelated medium they are simply delta functions corresponding to vanishing widths represented by the first part of Eq. ͑26͒.
In this section we consider the system in its final equilibrated state. The total energy is then related to the spectral function by
which is the same as Eq. ͑11͒ with the equilibrium relations
A factor 4 is included for the spin, isospin, etc., degeneracy of the nuclear system. The spectral functions S(p,) can be calculated from Eq. ͑18͒ by Fourier transforming from the time domain. It was found more practical however to use Fig. 3 . The initial distribution is in each case a zerotemperature distribution of normal nuclear matter density. Figure 6 shows some results at normal nuclear matter density. These are from KB calculations. ͓As noted above in Sec. III the spectral functions in the Levinson approximation are in agreement with the EQP approximation ͑26͒ in lowest order densities.͔ The initial distribution is a zero-temperature Fermi distribution and the -dependent self-energies are obtained by Fourier transforming from the time domain after equilibration. The correlation energy is in this case 35.95 MeV as shown in Table I . The figure shows that the widths are comparable with those from Brueckner and other many body calculations with ''realistic'' interactions. If the calculation were for the ground state the distribution would be much more peaked at this momentum. Because the calculations in our present work are made from an initially uncorrelated state that is then time evolved along the real axis the final state corresponds to an excited state ͑with a temperature estimated to be about 25 MeV͒. For comparison we also show in Fig. 7 spectral functions for the ground state obtained with imaginary time stepping ͓2,5͔. The momenta at the Fermi surface is not shown here as it would be too high and narrow in this case, but note the peaks at the adjacent momenta.
The occupation numbers are in equilibrium also related to the spectral functions by
consistent with Eqs. ͑3͒ and ͑38͒. Figure 8 shows a comparison of the density distributions obtained respectively from the KB and Levinson calculations. Please note that the KB calculations lead to a pronounced discontinuity at the Fermi energy. A quasiparticle ͑Fermi͒ distribution f with a temperature of 27 MeV is plotted for comparison. This is the roughly estimated temperature of the final equilibrated system. This would be the distribution in a Boltzmann calculation in which case there are no correlations, the spectral function is the quasiclassical and the and f distributions are identical. The KB as well as Levinson distributions possess power tails at high momenta and suppress states at lower momenta due to correlations ͓4͔.
Correlation energies are shown in Tables I and III . These are energies after 80 time steps (20 fm/c). At this time the system is well equilibrated in the case of KB as already seen in Figs. 2, 3 , and 4. In other words the Green's functions along the time diagonal become constant for large times. This is not so for the off-diagonal elements that carry the correlations. Figure 9 shows the absolute value of these elements normalized to the equilibrium value, as a function of past times. For the KB calculations the well-known damping or dephasing is seen.
The slight increase for the largest past times is a natural consequence of the correlation process. While the equilibrated occupation for pϭ0 is 0.62. ͑See Fig. 8 .͒ The initial value was 1.0 and this is still ''memorized'' 20 fm/c later.
Of particular interest is the increase in damping as the strength of the interaction is increased which is well illus- trated by the figure. This is a very important effect that is contained in the KB equations with the self-consistently calculated Green's functions. This has as a consequence that the memory time decreases; the integration over past times which in principle should start at the time when interactions are switched on ͓t 0 in Eqs. ͑1͒ and ͑2͔͒, can now be limited to about 5 fm/c or less before the point of time of the evolution. Figure 9 in Ref. ͓5͔ illustrates this point. Associated with an increase of the strength of the interaction is of course not only a decrease in memory time but also an increase in the width of the spectral functions.
Only for the very weakest strength the damping is negligible. This is consistent with Table III that shows a good agreement between all methods for this case. If the situation were such that the evolution at the same time is sufficiently slow another limit is reached. The time integration can now be done analytically; the energy spread decreases and collapses to a delta function. The Boltzmann limit is reached.
The Levinson curve is smooth ͑it is a Fermi distribution͒ and starts at about 0.52 at pϭ0. For comparison is also plotted an estimate of the Fermi distribution f with the same nuclear matter density and a temperature of 27 MeV. It starts at about 0.68.
The damping, so characteristic in the KB case is absent in the Levinson case. The corresponding curves can increase or decrease in the latter case depending on the past distribution function ͑on the time diagonal͒. In the present calculations this function will always decrease for pϭ0 and the plotted ratio in Fig. 9 is now consequently larger than 1.0.
C. Equilibrium correlation energies
It was already shown above that the Levinson correlation energy for large times approaches a second order Born value. But it was also pointed out with reference to Eq. ͑22͒ that the Born calculation then has to be made with the Levinson final reduced density but not with the initial quasiparticle distribution as would normally be done in a perturbative expansion. In the low-density and/or weak interaction limit, where the Born and Levinson approximations both become valid this difference should be irrelevant. This is verified by the results shown in columns 5, 6, and 7 in Table I showing Born energies calculated with occupation numbers from the KB, Levinson, and initial distributions ͑labeled ''KB,'' ''Lev.,'' and ''Init.,'' respectively͒. As expected the three energies agree exactly at the lowest density but the agreement becomes progressively worse as the density is increased. As predicted by Eq. ͑22͒ the Born-column indicated ''Lev.'' ͑column 6͒ agrees on the other hand nearly exactly with the Levinson result ͑column 4͒ at all densities, being a confirmation of computational accuracy.
Comparison of Levinson with Born
As noted above the Born͑Lev͒ correlation energies agree very well with the Levinson energies at all densities and FIG. 9. This figure shows the absolute value of G Ͻ (p,T,tЈ)/ G Ͻ (p,T,T) for TϪtЈ for four different strengths of the interaction. The four lower curves with the ratio less than 1.0 is from KB calculations. From bottom to top the normal strength is multiplied by factors of 2, 1, 0.5, and 0.125. The uppermost curve is from Levinson calculation with normal interaction strength showing no damping but rather an increase with past times. This effect is explained in the text. The momentum is chosen to be pϭ0 for all cases.
TABLE I. Correlation energies as a function of the density of nuclear matter. At normal density the temperature dependence is also shown. All results are here with V 0 ϭ453.0 MeV. The energies E corr eq are ͑the negative of͒ the equilibrium correlation energies. The Born energy E corr eq ͑Born͒ is calculated with three different distribution functions as discussed in the text. temperatures but they differ from the Born͑Init͒ energies as seen comparing columns 6 and 7 in Table I . This is because the occupation numbers differ in these two calculations. The Born͑Init͒ calculations are made with the Fermi distributions of the temperatures T indicated. These are also the initial distributions in the Levinson calculations, but the final distributions ͓with which also Born͑Lev͒ is calculated͔ are different. There are two distinct effects contributing to the change from initial to final distribution. One is the heating associated with the correlations and the second comes from the difference between the reduced density matrix and the quasiparticle distribution f that is contained in the off-shell part in EQP ͑34͒. We are going to discuss these two effects now.
The heating of the system in the Levinson case occurs since it correlates. The uncorrelated quasiparticle distribution f is consequently of a higher temperature in the Born͑Lev͒ case, column 6, than in the Born͑Init͒ case, column 7.
In order to make a meaningful comparison between the two results we have to correct for this temperaturedifference. Fortunately this is straightforward in the Levinson case. The numerical solution of the Levinson equation gives us the correlated distribution (p,t) and from Eq. ͑12͒ the kinetic energy K (t) in the equilibrated medium ͑for large times͒. The relation ͑25͒ valid for the Levinson equation then gives us the kinetic energy K f eq which together with the density allows us to deduce the relevant parameters, temperature and chemical potential for the final equilibrium Fermi distribution. The Levinson correlation energy is then compared with the Born͑Init͒ correlation energy calculated with that same final Fermi distribution. The result of this comparison is shown in Table II at normal density. With the Born and Levinson calculations compared at the same temperature (T f in the table͒, i.e., with the same distribution f () there is however a remaining difference, in Table II indicated by Diff. We recall that when Born is calculated with the distribution ͓i.e., in Born͑Lev͔͒ rather than with the f distribution we get no difference, i.e., the Levinson energy. The remaining difference Diff is then due to the second of the two separate effects referred to above. It is attributed to the difference between the reduced density and the corresponding quasiparticle distribution f. The former contains the spectral correction as in Eqs. ͑31͒ and ͑40͒.
Such a spectral correction can be included in, e.g., Brueckner type calculations by iteration but is rarely done. ͑See however a recent work ͓39͔.͒ Table II shows a decrease of 3.3 MeV of the correlation energy at zero temperature. This implies a decrease in binding energy of 1.6 MeV. ͓We like to point out that in the EQP approximation a change ␦ in correlation energy for a given distribution f () changes the total energy by ␦/2. It changes the kinetic energy K by
Ϫ␦/2.͔
The dependence on the strength of the interaction is presented in Table III . The Born calculations are here for initial zero temperature Fermi distributions. For the three weakest interactions all three correlation energies agree reasonably well. But at full interaction strength we see differences of over 20% increasing to 50% at twice the strength.
Comparison of KB with Levinson
We now want to compare the KB with the Levinson equation. Although the KB collision term in our calculations is formally up to second order in the interaction the correlation energy at equilibrium is actually of a much higher ͑infinite͒ order. This is because the correlated Green's functions are formed by iterative time-stepping functionals of the interaction.
The effect of these higher order terms can be assessed from comparing the KB and Levinson correlation energies. The difference between the two stems from the difference between the Green's functions in the collision kernel for the two separate cases. In the KB case they are self-consistent ͑correlated͒ while in the latter they are free Green's functions. In diagrammatic language the presence of the correlated Green's functions in the collision kernel means that hole and particle lines are dressed with the two-point ͑second order͒ insertions to all orders and all time orderings; see Fig.  1 . This implies that for a similar calculation in the representation the proper dependence on of the self-energy ⌺ ϩ (p,) has to be included in the calculation. The same problem is faced if applying Brueckner's theory in his original recipe where the insertions in particle lines are calculated off the energy shell ͓40,41,43,44͔. This is quite complicated and is a compelling reason why the ''continuous'' recipe ͑with both particle and hole insertions being on the energy shell͒ is now customarily used. It seems that the numerical problem with off-energy shell propagation is simplified by going to time space, as in the present work.
In Table I one finds that the difference between the ''KB'' and ''Lev'' correlation energies in columns 3 and 4 at normal density amounts to 13.72 MeV for an initial temperature T ϭ0 and decreases to 5.63 MeV at an initial Tϭ60 MeV. This implies a difference in binding energy of 6.86 and 2.82 MeV, respectively. ͑See discussion above regarding factor of 1/2.͒ One also finds in the same table that the difference decreases with density which is to be expected. The difference in binding energy would be half of the quoted numbers. The conclusion is that the higher order diagrams resulting from insertions in the propagators contained in the KB equations but neglected in Levinson are quite important.
D. Discussion
Referring to the discussion above in Table II , our results do actually consider excited, not ground state nuclear matter. In the Levinson case we could easily estimate the excitation temperature ͑see Sec. V B͒. In the KB case there is no such simple relation. Using the Levinson relation as a rough estimate we find however an excitation energy of about 25 MeV at normal density. Ground state calculations can be done by imaginary time stepping but this has not yet been done. The calculation showing the zero temperature spectral functions in Fig. 7 is not sufficiently accurate to allow a detailed comparison of correlation energies.
We do expect the relatively large difference between the Levinson and KB correlations to prevail at zero temperature. We also argue that our Levinson calculation closely corresponds to a ''continuous'' choice ͑on the energy-shell mean field insertions in hole and particle lines͒ Brueckner calculation. With this choice the higher order Brueckner diagrams that usually are considered ͑three-body, low-order ring, and some fourth order͒ then contribute only a few MeV ͓42͔. The Brueckner mean field insertions mentioned above are of course not present in the Levinson case but because we use a local interaction they are expected to give a negligible correction. We have confirmed this numerically. With realistic non-local ͑momentum-dependent͒ effective interactions one has of course important dispersion corrections.
With the self-consistent Green's functions as in the KB calculations the width of the spectral functions is ͑implicitly͒ included. In contrast the Brueckner calculations are done in a quasiclassical approximation with the effective interaction, the reaction matrix, calculated assuming an uncorrelated zero-temperature Fermi distribution. Using Green's function methods normally including also hole-hole ladders one also rarely goes beyond the first quasiclassical approximation. ͑Except for the hole-hole diagrams this is equivalent then to Brueckner.͒ Spectral functions are however readily obtained and the equations can be iterated. This is a rather formidable calculation, but has recently been done with realistic forces ͓39͔. The KB calculations in this paper corresponds to such an iterated calculation with self-consistent spectral functions and off-energy shell ⌺'s albeit with a simple interaction and no ladder summation. The results from the two calculations are not readily compared but both agree in that the corrections going beyond the quasiclassical approximation should be considered.
Referring to Fig. 9 an important difference between the Levinson and KB-collision terms is the damping, which is related to the width of the spectral function. Referring to Eq. ͑39͒ this is on the other hand related to ⌺ ϩ (p,). Above we deduced a 1.6 MeV difference in binding energy between the Born ͑Init͒ and the Born ͑Levinson͒ calculations stemming from a spectral correction of the time diagonal density matrix. The present difference between Levinson and KB of 6.86 MeV is also a spectral correction but stems from the off-diagonal elements, i.e., the dependence of ⌺ ϩ .
VI. SUMMARY AND OUTLOOK
The Kadanoff-Baym equations have been used to calculate correlations and to find the effect of approximations such as using undressed propagators. The KB calculations as presented above are fairly simple. The FORTRAN version of the program is available from Computer Physics Communications ͓13͔.
In our KB as well as Levinson calculations the initial conditions are in general Fermi distributions of specified temperature and density. As the equations are time-stepped the system correlates with a decrease in the potential energy. The total energy is conserved and the kinetic energy increases. The temperature of the system is consequently increasing. The final correlation energies are therefore not for the ground states of the respective systems. To explicitly study the ground state one can use the imaginary timestepping technique ͓2,5͔. It would have been desirable to use this in our present work for calculation of correlation energies. The precision is however not ͑yet͒ at the level of the computations with the uncorrelated initial condition. Here we only used the imaginary time-stepping method to calculate the spectral function at zero temperature shown in Fig. 7 .
One of the purposes of this work was to investigate the time it takes for the system to correlate from the initially uncorrelated state. We have in particular calculated the dependence upon density, temperature and also strengths of the interaction as shown in Sec. V A. We find that the correlation time t c scales roughly as
but is nearly independent of the strength of the interaction and of the temperature of the system. This time is relevant for the discussion of collisions between heavy ions when t c is comparable with the collision time between the ions. It is also of practical importance in dynamic calculations. In principle the calculation with the KB equations involves an integration over all past times referred to as a memory effect. In practice this is not necessary. The correlations effectively cut down the memory time. This is also demonstrated by the damping shown in Fig. 9 . In nuclear systems the memory time is typically less than 5 fm/c, see Ref.
͓5͔, or 10-20 time steps. In electron plasmas where correlations are smaller the corresponding time is 100 fs or 25-50 time steps. It was shown in a previous work that the Levinson correlations approach a second order Born expression at large times ͓14͔. Increasing the strength of the interaction an instability does however develop as shown in Fig. 5 . A dilemma involving a factor of 2 comparing with the Born expression for the correlation energy was resolved in Sec. IV. In order to compare the Levinson with the Born correlation energies a temperature correction had to be applied and the result was shown in Table II . There remains a difference between the two which amounts to a decrease in binding of 1.6 MeV. This can be ascribed to a spectral correction and is due the difference between the uncorrelated distribution f (p) and the reduced density (p) in the Levinson calculation. The relation between f and is expressed by Eq. ͑40͒ which in the EQP approximation reduces to Eq. ͑34͒.
A comparison of the KB with the Levinson correlations show the effect of the dressing of the propagators by the V 2 insertions. This is found to result in a comparatively large correction; a 6.85 MeV decrease in binding energy. This correction is also ascribed to a spectral correction but now for time off-diagonal elements. This result should have an impact on the ongoing problem of nuclear saturation which is found to be above the experimental density and/or energy for perturbative schemes without spectral corrections. The total energy given by Eq. ͑11͒ includes besides a kinetic energy only the binary correlation energy. There is of course also a first order term, the Hartree-Fock term, contributing to the energy of the many-body system. This mean field term can be included easily in the Green's functions ͓13͔. We point out that besides the usual momentum independent Hartree shift another effect appears usually referred to as the dispersion effect. This effect stemming from the momentum dependence of the Fock ͑or Brueckner-Hartree-Fock͒ field is well known and not of interest in our present calculation. It further decreases the binding energy in nuclear many-body calculations.
All of our nuclear matter calculations have until now been restricted to using a time-local interaction. The correlations appear however to be similar to those for more realistic interactions. This is illustrated by the spectral functions shown in Figs. 6 and 7. They show a width comparable to more serious calculations and the expected behavior as a function of momentum ͓25͔. Our interaction does not have a shortranged repulsion or tensor part but we believe the longranged part to be a reasonable representation of the true interaction. We do however envision a future extension to more realistic nucleon forces as well as a T matrix.
It may finally be relevant to point out that an important difference between the present KB calculations and more conventional Green's function studies is that it has been performed here in t,tЈ rather than space. This is found to be very practical.
